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Discussion of


Why Language Models 
Hallucinate
(Kalai, Nachum, Vempala, Zhang ’25)



Hallucinations

Adam Kalai’s Ph.D. Thesis Number of r’s in strawberry 

Main Idea of this paper: Generative models “also” solve valid fact classification. 
Hence limits of classification mean limits of generation.



•  strings


•  valid outputs


•  errors/hallucinations


• “is-it-valid” (iiv) classifier 



• (more below)  classifier error 
rate


•  to approximate 
, 


• 


• Reduce classification to generation


• Establish bounds 



• Generalize Kalai-Vempala ’24

𝒳 = 𝒱 ∪ ℰ
𝒱

ℰ

𝒳 → {0,1}

erriiv

̂p ∈ Δ(𝒳)
p ∈ Δ(𝒳) supp p ⊆ 𝒱

err = ̂p(ℰ)

generative error rate ≥ erriiv



Classifier


D(x) := {p(x)/2 if x ∈ 𝒱,
1/(2 |ℰ | ) if x ∈ ℰ,

and f(x) := {+ if x ∈ 𝒱,
− if x ∈ ℰ .

erriiv := ℙx∼D [ ̂ft(x) ≠ f(x)], where ̂ft(x) := {+ if  ̂p(x) > 1/ |ℰ | ,
− if  ̂p(x) ≤ 1/ |ℰ | .



• 


• 


• 


•  and  are small

err ≥ 2 ⋅ erriiv −
|𝒱 |
|ℰ |

− δ

δ := ̂p(𝒜) − p(𝒜)

𝒜 := {r ∈ 𝒳 ∣ ̂p(r) > 1/ |ℰ |}

|𝒱 |
|ℰ |

δ

Reducing Classification to Generation







ℒ( ̂p) = 𝔼x∼p[−log ̂p(x)]

̂ps(x) ∝ {s ⋅ ̂p(x) if  ̂p(x) > 1/ |ℰ | ,
̂p(x) if  ̂p(x) ≤ 1/ |ℰ | .

δ =
d
ds

ℒ( ̂ps)
s=1



Contexts

• 


• , 


• 


•  and  are small

err ≥ 2 ⋅ erriiv −
maxc |𝒱c |
minc |ℰc |

− δ

δ := ̂p(𝒜) − p(𝒜)

𝒜 := {r ∈ 𝒳 ∣ ̂p(r |c) > 1/ min
c

|ℰc |}

maxc |𝒱c |
minc |ℰc |

δ



Another bound via Agnostic Learning







If  for all , then 

𝒢 := {gθ,t ∣ θ ∈ Θ, t ∈ [0,1]},  where gθ,t(c, r) := {+  if  ̂pθ(r ∣ c) > t,
−  if  ̂pθ(r ∣ c) ≤ t .

opt(𝒢) := min
g∈𝒢

Pr
x∼D

[g(x) ≠ f(x)] ∈ [0,1]

|𝒱c| = 1 c err ≥ (2 −
1

minc|ℰc| + 1 ) opt(𝒢)



Another bound via Arbitrary Facts

• Arbitrary facts model


• 


•  given


• 


• 


• 


•  is the rate of contexts that appear exactly once

c ∼ μ

ℛc

ac ∼ Unif(ℛc)

𝒱c = {ac}

ℰc = ℛc∖{ac}

sr



Another bound via Arbitrary Facts

• In the Arbitrary Facts model, any algorithm which takes  training samples and 
outputs  satisfies, with probability  over  and the  training 
examples:





• There is an efficient algorithm outputting calibrated  that w.p. ,


N
̂p ≥ 99 % ⃗a = ⟨ac⟩c∈𝒞 N

err ≥ sr −
2

minc |ℰc |
−

35 + 6 ln N

N
− δ

̂p ≥ 99 %

err ≤ sr −
sr

maxc |ℰc | + 1
+

13

N



Questions

• Mostly empirics:


• Made a good case for smallness of  and 


• Not quite clear how convincing the fact that classification is hard

δ |𝒱 | / |ℰ |


